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alent when eq. 8 is employed where Cc = Cn. How
ever, eq. 8 may have the added utility of providing a 
means of assessing the size of a "denaturing unit," 
given by the magnitude of N required to fit the data 
when Cc ?* Ch. 
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Introduction 
During the past 15 years, great efforts have been 

devoted to clarify the well known expansion problem of 
a linear poly-ion in solution both theoretically and ex
perimentally.1 The origin of the molecular expansion 
is now accepted to be the electrostatic repulsive force 
among fixed charges on the polyion. Owing to the 
electrostatic repulsion between fixed charged groups, 
the molecular dimension of the poly-ion increases to 
several times as large as that of the original uncharged 
polymer and varies markedly with the concentration of 
added neutral salt, i.e., with ionic strength of solution. 

In spite of so many papers published to compute the 
problem quantitatively, there is still great disagreement 
between theories and experimental results. In all 
cases, the calculated expansions of the poly-ion are 
much larger than the experimental ones if we use the 
analytical charge density of poly-ion to calculate the 
repulsive force due to electric charges. The discrep
ancy is often explained by assuming that the effective 
charge density of the poly-ion is much smaller than the 
analytical one due to ion binding or low activity co
efficient of the counter-ion in the polymer domain. 
To explain the discrepancy may be the most important 
problem to be solved in this field, but before going into 
the problem it seems necessary to re-examine the 
theory of hydrodynamic resistance used for polyelectro-
lytes, considering the recent progress in the theory on 
excluded volume of nonionic polymers. 

In most papers concerning the expansion of a poly
ion, the hydrodynamic resistance of the poly-ion is 
computed based on Flory's theory.2 That is, the 
polymer coil is practically nondraining for solvent and 
the intrinsic viscosity is determined by the linear ex
pansion of the polymer coil, a,, as 

M = KM1Aa^ ( = KM") (1) 

(1) S. A. Rice and M. Nagasawa, "Polyelectrolyte Solutions," Academic 
Press, Inc., New York, N. Y., 1961. 

(2) P. J. Flory, "Principles of Polymer Chemistry," Cornell University 
Press, Ithaca, N. Y., 1983, Chapter XIV. 
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and 
M6 = KWh (2) 

That is 
«,' = M/We (3) 

Here, [tj]s is the intrinsic viscosity at 6 temperature 
where the intrinsic viscosity is linear in the square root 
of molecular weight, M1/', as shown in eq. 2. The 
intrinsic viscosity [rj] is also related to the root-mean-
square end-to-end distance (h2)l/' by the equation3 

where $ is the well known universal constant of Flory. 
To relate this expansion facter a, with molecular 

constants of polymer and solvent, Flory derived the 
equation 

a,6 - a,s = CZ (5) 
where C is a numerical constant and Z is a function 
defined by 

In eq. Q, a is the length of a link; M and m,, the molec
ular weights of polymer and segment, respectively; 
and /3 is the binary cluster integral defined by 

/3 = - f°° [1 - exp(-V(r)/kT)]4Tr'dr (7) 

where V(r) is the potential of average force between two 
segments as a function of their distance r. Although /3 
is commonly used in this field, we prefer to use B con
verted from /3 by the relationship 

B = <3/2>n8
2 (8) 

for convenience of our discussion. Combination of 
eq. 5 and eq. 1 gives the following equation of Flory, 
Fox, and Schaefgen3 

(3) P. J. Flory and T. G Fox, J. Am. Chem. Soc, TS, 1904 (1951). 
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Excluded Volume of Polyelectrolyte in Salt Solutions 
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The intrinsic viscosities of sodium poly-(acrylate) having different molecular weights were determined in 
sodium bromide solutions of various concentrations. The analysis of the data was based on three different 
theories; Flory and Fox; Kurata, Stockmayer, and Roig; Stockmayer and Fixman. Both K. S. R. and S. F. 
plots converged at one point, respectively, with different concentrations of sodium bromide, as those theories 
predicted, whereas F. F. plots did not give the same intercept against the prediction of the theory. From the 
slopes of K. S. R. and S. F. plots, the mutual excluded volume of segments was determined. The values ob
tained were compared with the values calculated using the Debye-Hiickel theory for the potential of average 
force between two segments. Large disagreement was observed between the experimental and calculated 
results, and, moreover, the mutual excluded volume was found to be proportional to the inverse root of sodium 
bromide concentration, while the calculated result predicts its proportionality to the inverse of sodium bromide 
concentration. The reason for the discrepancy between theory and experiment is considered to be due to neglect 
of the counter-ion effect in calculating the mutual excluded volume. 
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From the graphical plot of [17] V'/AfV' vs. M/[ij] one 
may evaluate both K and B, separately. 

Flory's theory was criticized by many authors45 be
cause of the Gaussian distribution he assumed for the 
distribution of segments. After many discussions 
about the problem, Kurata, Stockmayer, and Roig,6 

Stockmayer and Fixman,7 as well asP titsyn8 succeeded 
in deriving very similar equations of closed form, that 
is 

(Kurata, Stockmayer, and Roig6) 
a' - a = 4/3g(a)Z (10) 

g(a) = 8aV(3a 2 + I)V. 

(Stockmayer and Fixman?) 
a3 = 1 + 2Z (11) 

where a is the linear expansion factor of the mean radius 
of gyration and is related with a, by4 

a , 3 = a2-43 

If eq. 10 or 11 is combined with eq. 1, taking into ac
count the difference between a and am we have 

(K. S. R.) 
M'/'/M'/i = KV* + 0.383*oSg(a^)iW!/a/[,]V3 (12) 

(S. F.) 

H / V S = K + 0.51*0BVM (13) 

where $0 is the universal constant at 6 point (~2.87 X 
1021)- As in eq. 9 we can obtain K and B from the 
graphical plots_of fo]!/,/M'/3 vs. g(a,)M2/,/[?7]I/3 or 
M/X^M vs. y/M. Recently, Kurata and Stockmayer9 

reanalyzed the data of many polymers published and 
showed very clearly that eq. 12 gives much better agree
ment with experimental results than eq. 9. That is, 
the plots of experimental data according to eq. 12 give 
the same intercept at JM"?/,/[r;]'/, = 0 when various 
solvents are used for a polymer, whereas the plots ac
cording to eq. 9 do not give the same intercept at 
M/[r)\ = 0 for- different solvents. In spite of the dif
ference between models used in K. S. R. and S. F. theo
ries, eq. 12 and 13 give almost identical results.7 

Equations 12 and 13 are very convenient for studying 
the expansion of polyions too, since we can easily obtain 
the mutual excluded volume of segments /3 (or B) from 
viscosity data, and also it is possible to discuss B from 
the standpoint of electrostatic interaction between 
segments. There were some discussions published by 
Ptitsyn10 and Eisenberg and Woodside11 along this 
line. Ptitsyn calculated B by assuming the Debye-
Hiickel ionic atmosphere around segments and inserted 
it into his equation, which is not shown here but an
alogous to eq. 10 and 11, for comparison with experi
mental results of carboxymethyl cellulose, poly
phosphate), and poly-(acrylic acid). Great disagree
ment was observed, however, between calculated and 
experimental" results. Eisenberg and Woodside cal
culated the excluded volume function Z of poly-(vinyl 
sulfonate) from, the intrinsic viscosity data using eq. 

(4) M. Kurata and H. Yamakawa, / . Chem. Phys., 28, 78.5 (1958); 29, 
311 (1958); and also M. Kurata, H. Yamakawa, and H. Utiyama, Makromol. 
Chem., 34, 139 (1959). 

(3) M. Fixman, J. Chem. P.hys., 23, 1656 (1955); 36, 3123 (1962). 
(6) M. Kurata, W. H. Stockmayer, and A. Roig, ibid., S3, 151 (1960); 

and also M. Kurata and W. H. 3tockmayer, Rept. Progr. Polymer Phys. 
Japan, 5, 23,(1962). 

(7) W. H. Stockmayer and M. Fixman, J. Polymer Sci. Part C, No. 1, 
137 (1963). 

(8) O. B. Ptitsyn and Y. Y. Eisner, J. Tech. Phys. U.S.S.R., 29, 1117 
(1959); and also O. B. Ptitsyn, Vysokomolekul. Soedin., 1, 1200 (1959); 
S, 1673 (1961). 

(9) M. Kurata and W. H. Stockmayer, Fortschr:-Hochpolymeren Forsch., 
3, 196 (1963). 

(10) O. B. Ptitsyn, Vysokomolekul. Soedin., S, 1084, 1251 (1961). 
(11) H. Eisenberg and D. Woodside, / . Chem. Phys., 36, 1844 (1962). 

10 and showed that Z/M1^ is independent of molecular 
weight of polymer. 

In this paper, eq. 9, 12, and 13 are compared by using 
the intrinsic viscosity data of sodium poly-(acrylate) 
of several different molecular weights in sodium bromide 
solutions of different concentrations. Much better 
agreement is observed in case of eq. 12 and 13 than in 
case of eq. 9. Moreover, from the slope of linear rela
tionship of eq. 12 and 13 we evaluate B as a function of 
the concentration of sodium bromide and discuss it 
based on the electrostatic interaction theory of electro
lytes. 

Experimental 
Polymer Samples.—Sodium poly-(acrylate) used in this 

investigation was kindly provided from Toa Gosei Chemical 
Co. and its viscosity average molecular weight was 160,000. 
The sample was purified by precipitation from aqueous solu
tion with methanol three times and was used for fractiona
tion.12 One hundred grams of the purified sample was dissolved 
in 6 1. of 0.4 N NaOH aqueous solution and the fractional precipi
tation was carried out a t 25° through repeated stepwise addition 
of methanol-water mixture of 1:1 volume ratio which also con
tained 0.4 N NaOH. Twelve fractions were obtained, but seven 
fractions having suitable molecular weights were used for meas
urements. Each fraction was purified by precipitation from 
aqueous solution by adding methanol twice and washed with 90% 
methanol until excess NaOH was removed. The samples thus 
purified were washed with absolute methanol and ether, and then 
dried at 50° in a vacuum oven for 2 weeks. When the samples 
were dissolved in pure water at about 0.1 TV, the pH's of the so
lutions were 7 ~ 8 . 

Molecular Weight Determination.—Molecular weights of these 
fractions were determined from the intrinsic viscosities at 15° in 
1.5 iV NaBr solution (9 solvent13) using the equation 

Ml.5A'NaBr = 12.4 X 10"4M^-* (15°) (14) 

which was determined by using the light scattering method de
scribed previously.I4 Molecular weights of each fraction thus de
termined are given in Table I. 

TABLE I 

MOLECULAR WEIGHTS OF SAMPLES USED FOR VISCOSITY 

MEASUREMENTS 

, Fraction—• • * 
FL4 FL3 FiL7 F2L6 FsL4 FiLl FLl 

A f X l O - * 1.5 3.7 4.44 5.39 12.86 34.68 50.0 

Preparation of Solutions.—Stock solutions of the fractionated 
samples and sodium bromide were prepared by weight using boiled 
distilled water; and the solutions having desired polymer and 
NaBr concentrations were made by mixing these stock solutions 
and boiled distilled water in volumetric flasks. 

Viscosity Measurements.—Intrinsic viscosities of the frac
tionated samples in NaBr solutions of various concentrations 
were determined with a capillary viscometer of modified Ubbel-
ohde type, which had three bulbs for giving rate of shear correc
tions to the measured viscosities. The volumes of the three 
bulbs were; top 1.49; middle, 1.50; lowest, 1.47 ml. The 
heights of the centers of the bulbs, measured with a cathetometer, 
were 8.73, 5.81, and 2.93 cm., respectively. The capillary main
tained horizontally had the length of 20 cm. and the radius of 
0.039 cm., determined from the weight of mercury contained in a 
given length. The average rate of shear on a given solution, y, 
was calculated from the formula 

rhg = k_ 

with the assumption that the densities of solution and solvent are 
the same. Here r is the radius of capillary, h the pressure head, 
g the acceleration of gravity, / the length of capillary, vo the kine
matic viscosity of solvent and i7rei is the relative viscosity of solu
tion to that of solvent. The factors k calibrated with the known 
kinematic viscosity of water at 15° were 469, 319, and 161 sec."1 

for top, middle, and lowest bulbs, respectively. 
A few examples of the rate of shear dependence of sample FL l 

in NaBr solution are shown in Fig. 1. The examples selected 
are the measurements where the molecular weight is the highest, 
the ionic strength is almost the lowest, and the concentration is 
also the highest. Therefore, the rate of shear correction was 

(12) A. Takahashi and I. Kagawa, J. Chem. Soc. Japan, Ind. Chem. Sec-
lion, 64, 1637 (1961) (in Japanese). 

(13) A. Takahashi, S. Yatnori, and I. Kagawa, ibid., 83, 11 (1962) (in 
Japanese). 

(14) A. Takahashi, T. Kamei, and I. Kagawa, ibid., 83, 14 (1962) (in 
Japanese). 
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RATEOFSHEAR(SEC. - ' ) . 

Fig. 1.—Relative viscosity as a function of rate of shear for 
sample FL l at various ionic strengths of NaBr at 15°: • , C = 
0.126 g./lOO ml., C8

0 = 1 X 10"2; 0 , C = 0.0945 g./lOO ml., C8
0 

= 5.02 X 10"3; C, C = 0.0945 g./lOO ml., C8
0 = 2.51 X IO"3. 

j i i I i i_ -I I L. 

0 0.05 

C (9/ioome.) 

Fig. 2.—Selected viscosity-concentration plots for sample FL l 
at various ionic strengths of NaBr at 15°: 1, C8 ° = 2.51 X 10~8; 
2, C.° = 5.02 X 10"3; 3, C8 ° = 1.00 X IO"2; 4, C8 ° = 2.51 X 10"2 . 

unnecessary in most experiments other than such a few extreme 
cases (FLl and F 2Ll, NaBr concentration 0.0025 and 0.005 TV). 

The efflux times of water through these three bulbs at 15° were 
52.7, 80.3, and 154.0 s e c , respectively. The kinetic energy cor
rection factors were estimated from the efflux times of water at 
15 and 35°, and found to be 0.67, 0.27, and 0.8%, respectively. 
In most experiments where the rate of shear correction was un
necessary, only the middle bulb was used, and hence the kinetic 
energy correction could be neglected. 

All measurements were carried out at 15.0 ± 0.01° for com
parison with the data in 6 solvent.13'14 All solutions were filtered 
through a sintered glass filter of J IS No. 4 prior to viscosity 
measurements. Dilutions were made by volume in the viscom
eter. The flow times were determined to 0.1 sec. A few ex
amples in determining [17] from rjep/C vs. C and In t;r8i/C vs. C 
under the most severe conditions are shown in Fig. 2. In experi
ments 1 and 2 of Fig. 2, the rate of shear correction was applied, 
while in others the correction was negligible. The values obtained 
for the intrinsic viscosity were found to be reproducible within 
± 5 % under such severe experimental conditions, but much 
better reproducibility was found under ordinary experimental 
conditions. 

Results 
Viscosity Equations at Various Ionic Strengths.— 

All experimental results of intrinsic viscosities of the 
fractionated samples in NaBr solutions having different 
ionic strength are summarized in Table II. In Fig. 3 
are shown the graphs of intrinsic viscosities vs. molecu-

5 0 

I 0 

0.1 

- | 1 1—I I I I I I 1 1 1 — T T T T T 

J ' I I I I l 

IO 100 

Mxio. 
.-4 

Fig. 3.—Intrinsic viscosity vs. molecular weights of sodium 
poly-(acrylate) in sodium bromide solutions at 15°; ionic strength 
of NaBr, C8

0: • , 1.506; 0,5.02 X 10"1; + , 1.00 X 10 _ 1 ; A' 
5.02 X 10"2; V, 2.51 X 10"2; C, 1.00 X 10~2; ®, 5.02 X K r 8 ; 
• , 2.51 X 10- ' . 

Fig 

2 4 6 8 10 12 
M/t^xto:4 

4.—Flory, Fox, and Schaefgen's plots (eq. 9); ionic strengths 
of NaBr are the same as in Fig. 3. 

lar weights in logarithmic scale. The lowermost curve 
in Fig. 3, which are the data at the 6 point, is reproduced 
from previous papers1314 and the straight line has the 
theoretical slope of 0.5. As is clear from Fig. 3, the 
slope of log [ij] vs. log M graphs increases with decreas
ing of ionic strength and seems to reach as high as 0.9, 
as expected from K. S. R. and S. F. theories. The values 
of K as well as v in the viscosity equation, [r;] = KAf", 
calculated from Fig. 3 by the least square method, are 
summarized in Table III. Considering the ambiguity 
in the experimental points at low ionic strength, how
ever, we should avoid concluding the limiting value of 
v at low ionic strength. 

Comparison between Experimental Data and Theo
retical Equations.—In Fig. 4, Flory, Fox, and Schaef
gen's equation is compared with experimental results, 
and Kurata, Stockmayer, and Roig's plots and Stock-
mayer and Fixman's plots are shown in Fig. 5 and 6, 
respectively. Despite the prediction of these theories 
that all straight lines in each figure should give the same 
intercept, actually it is observed that straight lines in 
Fig. 5 or 6 give almost the same intercept—at least 
to the extent that straight lines drawn from the same 
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J L J L 
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9(.*?)M»/c7)»x IOT3 

Fig. 5.—Kurata, Stockmayer, and Roig's plots (eq. 12); ionic 
strengths of NaBr are the same as in Fig. 3. 

Mzxio".2 

Fig. 6.—Stockmayer and Fixman's plots (eq. 13); ionic strengths 
of NaBr are the same as in Fig. 3. 

point do not look unreasonable—but the plots of 
Flory, et al., in Fig. 4 do not seem to converge at the 
same point even though the ambiguity in experimental 
points is taken into account. This situation is the same 
as that observed for nonionic polymers, which was fully 
discussed by Kurata and Stockmayer.9 Therefore, we 
may determine the value of K from the intercept and B 

Fig. 7.—B vs. inverse root of ionic strength 1/C8
01'2: O, B ob

tained from S. F. plots; 0 , B obtained from K. S. R. plots. 

from the slope of the straight lines in Fig. 5 and 6. 
The values of B determined from both theories are 
shown in Fig. 7 for comparison. Since the experimen
tal points in Fig. 5 and 6 scatter considerably at low 
ionic strength, it is true that the values of B obtained 
have considerable ambiguity at low ionic strength, but 
at high ionic strength the values are very reliable. 
The ambiguity in B thus obtained is indicated in Fig. 
7. 

TABLE II 

INTRINSIC VISCOSITIES OF SODIUM POLY-(ACRYLATE) IN AQUEOUS 

SOLUTIONS OF SODIUM BROMIDE AT 15° 

-Fraction 
F2L6 F J L 4 

CE°, moles/1. 

1.506 
5.02 X lO-i 
1.00 X 10 -1 
5.02 X 10-! 
2.51 X 10-2 
1.00 X 10-2 
5.02 X 10~! 

2.51 X 10-> 

- h i , 100 ml./ 

0.149 
.222 
.358 
.438 
.550 
.689 

1.08 

0.238 
385 

.655 

.841 
1.029 
1.68 
2.29 

0.260 
.414 
.817 

1.05 
1.41 
1.78 
2.64 

0.3Oo 
0.525 
1.048 

1.39a 
1.76 
2.58 
3.52 

0.437 
0.860 
1.77 
2.45 
3.34 
5.20 
7.42 

0.735 
1.645 
4.09 
5.15 
8.13 

12.2 
19.9s 

1.51 2.74 3.72 4.45 .72 24.7 

0.883 
1.917 
5.00 
6.58 

10.O5 

16.0 
23.17 
29.6 

TABLE III 

DEPENDENCE OF K AND V IN VISCOSITY EQUATION ([tj] = KAf") 

ON IONIC STRENGTH AT 15° 

C„°, moles/1. K X l O 1 ' 

1.504» 12.4 0.5 
5.02 X IO^1 5.27 .628 
1.00 X 10"1 2.54 .755 
5.02 X 10~2 2 .8 i 77 
2.51 X 10~2 I .63 .84 
1.00 X 10-2 (1.36) .89 
5.02 X 10-3 (4.42) .83 
2.51 X 10"3 (2.49) .89 

Here, it is to be noted that B obtained is proportional 
to the inverse root of ionic strength of solvents, 1 /v C8

0, 
at least when the ionic strength is not too low, while 
Flory and Osterheld16 showed by using Flory's theory16 

that B is proportional to the inverse of ionic strength, 
1/Cs°. In our experiments, too, B would be pro
portional to the inverse of ionic strength if we evaluate 
B from Flory's theory at a constant molecular weight. 
Besides, it is interesting to see that B at infinite ionic 
strength is negative. 

The values of K obtained from Fig. 5 and 6 are al
most equal and, hence, only the values determined from 
Fig. 6 are listed in Table IV. Strictly speaking, it is 
observed that K depends slightly on the ionic strength 
of solvent. The unperturbed dimensions of polymers, 
{h0

2)l/i, can be calculated from K using the relation
ship 

(15) P. J. Flory and J. E. Osterheld, J. Phys. Chem.. 68, 653 (1954). 
(16) P. J. Flory, J. Chem. Phys., 21, 162 (1953). 
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K 
& ) " • 

W{r) = 

The ratios of (H0
2Y^ to [Kt1Y1*, the unperturbed 

dimension for the case of free rotation around individual 
chain bond, are also listed in Table IV and are found to 
be almost equal to those reported for nonionic poly
mers.9 

Intrinsic Viscosity of Polyelectrolyte as a Function of 
Molecular Weight and Ionic Strength.—The inspection 
of Fig. 7 shows that B determined experimentally is 
expressed as 

B = B0 + Be = B„ + (A/VC,°) (15) 
where A is a numerical constant, B0 the value of B at 
infinite ionic strength (that is, the term due to nonelec-
trostatic interaction), and Bt is the term due to the 
electrostatic interaction. By inserting this equation 
into eq. 13, we obtain 

H / V S = K + 0.51*o(5» + A/VC7)VM (16) 
At constant molecular weight, this reduces to 

M = (const.)! -(- (const.)2 

VC8' 
(17) 

This is the equation presented first by Pals and Her
mans17 and later confirmed for many polyelectrolytes 
by Cox.18 

TABLE IV 

UNPBRTTTRBBD END-TO-END DISTANCES AT VARIOUS IONIC 

STRENGTHS 

l(ho')/M]>>> 
C.°, moles/1. K X 10' X 1011 [ (AO 1 MAM 1 ) ] 1 ' 1 

1.506 1.24 756 2.38 

5.02 X 10- 1 1.5 805 2 .5 

1.00 X 10"1 1.6 822 2.6 

5.02 X 10"2 

~ 5 . 0 2 X 10~3 1.6 822 2.6 

When B0 = — Be, we have B = O, that is, the 6 point 
of the polyelectrolyte in salt solution. At this point, 
the osmotic second virial coefficient also becomes zero.18 

Therefore, it can be concluded that aqueous salt solu
tion is a very poor solvent for the discharged poly-ion. 

Discussion 
The assumptions involved in the excluded volume 

theory of nonionic polymers are: (1) The free energy of 
one macromolecule in solvent is the sum of the configura-
tional entropy of polymer skeleton and the interaction 
energies of all possible pairs of segments. (2) The 
potential of average force, V(r), rapidly drops off with 
distance between segments, and the mutual excluded 
volume /3 is significantly smaller than the volume oc
cupied by a polymer coil, i.e., fi « (/&2)'/!. (3) 
There is no requisite for the functional form of this 
potential. 

The extension of the excluded volume theory of non
ionic polymers to polyelectrolytes was first carried out 
by Ptitsyn.10 To calculate fi, he assumed that the 
potential of average force is the sum of two terms, non
ionic (Vo(r)) and ionic (W (r)). 

and 
V(r) = V0(r) + W(r) 

V0{r) » W(r) for r ^ a0 

Voir) = 0 for r > a0 

(18) 

if we denote the distance of the closest approach of seg
ments by a0. As was done by Hill,19 W(r) is assumed 
to be given by the Debye-Hiickel theory; that is 

(17) D. T. F. Pals and J. J. Hermans. Rec. trav. Mm., Tl, 456 (1952). 
(18) R. A. Cox, / . Polymer Sd., 47, 441 (1960). 
(19) T. L. Hill, Discussions Faraday Soc., 21, 31 (1956); / . Pkys. Chem., 

61, 458 (1957); and also D. Stigter and T. L. HiU, ibid., 63, 551 (1959). 

Z.'e2 e">a e~*> 

D 1 + Kflo r 
(19) 

with 
8*-esiVA 

DkT X 103 CV 

where Zs is the charge number of a segment, D the dielec
tric constant of solvent, e the unit charge, A7A the Avo-
gadro number, and Cs° is the concentration of added 
neutral salt of 1:1 type expressed in mole/1. If the 
concentration of added salt is so high that W(r)/kT « 
1 may be assumed, the mutual excluded volume /3 or B 
can be approximated in the form 

(20) 

with 

If we use Flory's theory2 on the excluded volume of 
nonionic polymers for B0, we can express it as 

V1 

B = 

m 

Bt) -\- Be 

103 

Am1NAC." 

= m,/Z, 

Bo = 
Nj, (1 _ Xl) i (21) 

where xi is Flory's interaction parameter and Vi the 
molar volume of solvent. This form of B is the form 
derived also by Eisenberg and Woodside.11 

Since Ba is rtot much influenced by change in the con
centration of added salt, it is expected from eq. 20 that B 
should be proportional to 1/CS°. However, our ex
perimental results as shown in Fig, 7 clearly show that 
B is proportional to i/y/Cs°. In addition to this 
discrepancy in the functional form, there is great dis
agreement between the absolute values of B determined 
by experiment and calculated from eq. 20. The cal
culated values are from 50 to 400 times larger than the 
experimental ones (see Table V). One might suppose 

TABLE V 

COMPARISON BETWEEN VALUES OF S e DETERMINED FROM S. F 

PLOTS AND CALCULATED FROM E Q . 20; 

5obSd = - 0 . 2 X 1 0 - " + Be 

C , moles/1. Be X 10!« (obsd.) B, X 10» (calcd.) 

1.506 0.2 3.13 

5.02 X 10-1 .32 ± 0.01 9.4 

1.00 X 10-1 .7 ± .05 47 

5.02 X 10- J 1.1 ± .2 94 

2.51 X 10-" 1.6 ± .2 188 

1.00 X 10" s 2.4e ± -2 470 

5.02 X 1 0 - ' 3.6 ± .3 940 

2 .51 X 10- s 4 .8 ± .8 1880 

that the reason for this discrepancy is the use of the 
Debye-Hiickel approximation in calculating the inter
action energy between two segments, eq. 19, because it 
is often said that the ionic atmosphere around fixed 
charges of the poly-ion is much different from one of 
the Debye-Hiickel type. However, the failure of the 
Debye-Hiickel approximation for polyelectrolytes can
not be the main reason for this discrepancy. The elec
trostatic potential around rod-like poly-ion calculated 
from the Poisson-Boltzmann equation with the as
sumption of the Debye-Hiickel approximation was 
compared with the potential obtained without this 
assumption.2021 The difference between both calcu
lated results was fairly large at low ionic strength, but 
was not as great at high ionic strength. Judging from 
the results obtained for the rod-like poly-ion, it is clear 
that the failure of the Debye-Hiickel approximation is 
not the main reason for the extremely low experimental 

(20) L. Kotin and M. Nagasawa, J. Chem. Phys., 36, 873 (19621. 
(21) Z. Alexandrowicz, / . Polymer Sci., 66, 97 (1962). 
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values of B for our present model, particularly when the 
ionic strength is high. 

According to our opinion, the reason for the discrep
ancy is tha t the free energy of coiled polymer expressed 
by the sum of the pairwise interactions between 
segments {l/$f p2(r)dr) is not adequate for a poly-ion. 
T h a t is, following the discussion of Kurata , Stockmayer, 
and Roig6 or Hermans and Overbeek,22 the average 
square end-to-end distance of a poly-ion is given by 

f « ( 3h* F° M Au 

I h2 exp ( -
2Na1 kT 'i) Ah 

where F0 and Fei are the nonelectrostatic and electro
static parts of the free energy of one polymer system, 
respectively, corresponding to B0 and Be of eq. 20. 
The calculation of this equation can be carried out by 
taking the maximum term of the following function, as 
usual 

ai exp ( — - a2 

where the symbol a is 

kT kT) 

Thus, we have 

a2 = V/Na2 

a2 d{Fa/kT) a2 d(Fei/kT) 
3 

(23) 
3 da 3 da 

For nondraining coil, combination of eq. 1, 2, and 23 
leads to 

M''i 
= K2/' K11I* 

Ji(FoZkT) 
+ 

d(Fel/kTT (24) 
3 L da da 

If we employ the calculation of Kura ta , et a/.,6 on an 
ellipsoidal model for F0, eq. 24 can be transformed into 

M1A 

Thus 

K'/' + C1 \g(<x) I B0 + C2 

g(a)M>/> 
dUWkT)! Wh 

J W V. 
(25) 

da 

Be 
Ct 

g(a)M'A 
.d(Fei/kT) 

(26) 

The derivation of this equation has been based on the 
ellipsoidal model of Kurata , et al. However, consider
ing the facts tha t both K. S. R. and S. F. theories give 
almost the same results and also tha t g(a) term which 
comes from the ellipsoidal model does not change by 
more than 4 0 % over our experimental range, we can 
safely presume tha t the viscosity equation of poly-
electrolytes has the following form, in general 

= K + a U + c, 4= a.^M*in ^ 
L V M da J VM 

'M (27) 

or 

R 1 , W t T ) 
Be = C3 —7= a2 

VM 
da 

(28) 

Only if Fei could be expressed by the sum of pairwise 
interaction between segments would the Be term become 
eq. 20 or its analogous form. However, the electro
static free energy of electrolyte solutions cannot be 
expressed in such a simple way bu t should contain all 
interactions among ions. Therefore, it is our opinion 

(22) J. J. Hermans and J. Th. G. Overbeek, ReC. trav. chim., 67, 761 
(1948). 

tha t the neglect of counterion-counterion interaction 
and counterion-segment interaction may be the main 
reason for the disagreement between eq. 20 and our ex
perimental results.23 

Now, by comparing eq. 28 with our experimental 
results, eq. 15, we can presume the functional form 
which Fei should take to explain the viscosity behavior 
of polyelectrolytes. T h a t is 

Fcia i ^M (29) 

Vc,° « 
There are many theories published for calculating the 
electrostatic free energy of a poly-ion, but there is no 
satisfactory theory from this point of view. Strictly 
speaking, however, the exponent of Cs° may be between 
0.5 and 0.6 as Cox also mentioned in his paper,18 and 
the reliability of the form \/M/a depends on the re
liability of the functional form of S. F. theory. 

One of the features of the study on polyelectrolyte 
viscosity is tha t it is possible to change the radius of 
gyration without changing the molecular weight of 
polymer. Hence, the expansion of poly-ion accom
panies the vigorous change of the segment density in
side the" poly-ion domain, whereas the segment density 
inside most nonionic polymers is not changed so 
vigorously in the ordinary experimental range. From 
the present experiments, it is likely tha t the change in 
the segment density inside the polymer domain does 
not give any essentially important effect on the viscos
ity, but the viscosity is mainly determined by the 
radius of gyration. However, considering the fact tha t 
the viscosity of star molecules recently studied24-26 

may depend on the segment density inside the polymer 
domain and also tha t the segment density inside 
polyion domain is extremely low at low ionic strength, 
we need more experimental facts to reach a final con
clusion on the effect of the segment density on the in
trinsic viscosity and on whether the highly expanded 
poly-ion a t low ionic strength is really nondraining. 

Finally, unperturbed dimension of nonionic polymer 
is determined by short range interaction of polymer 
constituents. I t is usually independent of solvents, if 
measurements are made a t the same temperature. In 
case of polyelectrolytes, however, there is a possibility11 

t ha t a part of the short range interaction may be of the 
electrostatic nature and, therefore, the unperturbed 
dimension may be influenced by ionic strength a t the 
same temperature. Our data show tha t there may be 
such an effect bu t it is small. T h a t is, it is observed 
tha t the intercepts of K. S. R. and S. F. plots in Fig. 5 and 
6 (which both give K) slightly depend on the ionic 
strength of solution. 
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